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Abstract: We use Monte Carlo methods to explore the set of toric threefold bases that
support elliptic Calabi-Yau fourfolds for F-theory compactifications to four dimensions,
and study the distribution of geometrically non-Higgsable gauge groups, matter, and quiver
structure. We estimate the number of distinct threefold bases in the connected set studied
to be ∼ 1048. The distribution of bases peaks around h1,1 ∼ 82. All bases encountered after
“thermalization” have some geometric non-Higgsable structure. We find that the number
of non-Higgsable gauge group factors grows roughly linearly in h1,1 of the threefold base.
Typical bases have ∼ 6 isolated gauge factors as well as several larger connected clusters
of gauge factors with jointly charged matter. Approximately 76% of the bases sampled
contain connected two-factor gauge group products of the form SU(3)×SU(2), which may
act as the non-Abelian part of the standard model gauge group. SU(3)×SU(2) is the third
most common connected two-factor product group, following SU(2)×SU(2) and G2×SU(2),
which arise more frequently.
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1 Introduction
F-theory [1–3] provides a powerful and general nonperturbative approach to the construc-
tion of large classes of string theory vacua. The construction of an F-theory vacuum in
10− 2d dimensions depends upon a choice of a compactification manifold B that is a com-
plex d-fold. In type IIB language, the axiodilaton of ten-dimensional supergravity encodes
an elliptically fibered Calabi-Yau Xd+1 over the base B. This Calabi-Yau can have singu-
larities corresponding to seven-branes carrying gauge groups and matter in the low-energy
10− 2d dimensional supergravity theory.
In recent years, by focusing on the geometry of the complex surface base B, a fairly
complete global picture of the space of 6d F-theory constructions and corresponding elliptic
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Calabi-Yau threefolds has been developed [4–10]. At a simplified level, the upshot of this
story is that toric bases seem to provide a good representative sample of the set of all
possible base surfaces that support elliptic Calabi-Yau threefolds, and that an important
part of the basic physics of each base B is captured by the gauge groups and matter in the
“non-Higgsable clusters” that are present for a generic elliptic fibration over B.
F-theory compactifications to four space-time dimensions on elliptic Calabi-Yau four-
folds present several additional major complications and challenges (see e.g. [11]), including
the presence of G-flux, which produces a superpotential that lifts some of the geometric
moduli, and world-volume fields on the branes, which can modify the physics of geomet-
rically non-Higgsable structures. Nonetheless, at the level of geometry there are many
parallels between the 4d story and the 6d story. As has been found for CY threefolds, the
range of possible Hodge numbers for known Calabi-Yau fourfolds seems to be reasonably
well captured by elliptic fourfolds over toric threefold bases. And also as found for three-
folds, geometrically non-Higgsable gauge groups and matter that are present everywhere
in the Weierstrass moduli space of elliptic fibrations over a given base B give a strong
guide to the physics and and aid in the classification of 4d F-theory models through the
structure of allowed threefold base geometries. Non-Higgsable clusters for base threefolds
were studied in specific cases in [12, 13] and systematically analyzed more generally in [14].
In [15], an investigation of the geometry of one large class of threefold bases was carried
out, focusing on threefolds with the structure of a P1-bundle over a complex surface base
from among those toric surfaces that themselves support an elliptic CY threefold.
In this paper we carry out a Monte Carlo study of the set of toric threefold bases for
4d F-theory models. The goal of this study is to address some basic questions such as:
How many toric threefolds B support an elliptically fibered Calabi-Yau fourfold? How does
the number of geometrically non-Higgsable gauge group factors grow with h1,1(B)?, and:
How typical is the product group SU(3) × SU(2) with jointly charged (quark-like) matter
as a subgroup of the geometrically non-Higgsable gauge group? The analysis we perform
here is not intended to give a precise statistical analysis of the physical distribution of
F-theory vacua or even of the full set of fourfolds. Rather, the goal is to explore a large,
potentially characteristic, set of threefold bases to get a general sense of the scope of the
set of possibilities and how physical features are distributed. In particular, our approach
leaves out some classes of toric threefold bases, specifically those that cannot be reached by
a sequence of single blow-ups and blow-downs from the set of bases connected to P3. The
restriction to strictly toric bases also leaves out many bases with E8 non-Higgsable group
factors, which are incorporated more easily in 6d models through a slight extension of the
class of toric bases. And we do not address here the classification of G-flux, which would
be relevant to analyzing the specific vacua associated with any given fourfold geometry.
Previous explorations of the range of geometries available for 4d F-theory vacua have
focused on certain simple classes of elliptic Calabi-Yau fourfolds and threefold bases, in
particular threefold bases that are Fano threefolds or P1 bundles over P2 or other base
surfaces [12, 15–19]. The set of bases we analyze here includes those bases as special subsets,
though in general the bases explored in the Monte Carlo analysis have substantially larger
values of the Hodge number h1,1(B).
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The structure of this paper is as follows: In Section 2, we describe the Monte Carlo
approach we use to explore threefold bases. In Section 3, we give the results of our inves-
tigation, including statistics on typical base geometries and non-Higgsable clusters. Some
conclusions are contained in Section 4.
2 Monte Carlo on threefold bases
2.1 F-theory basics: bases and gauge groups
We review here some basic aspects of F-theory, related to the geometry of the base B and
non-Abelian gauge groups associated with Kodaira singularities in the elliptic fibration.
Much of the basic F-theory and relevant geometry for describing threefold bases and asso-
ciated non-Higgsable clusters is described in [14] and [15], and more detail on these subjects
can be found in those papers. For more general introductions to F-theory, see [11, 20, 21].
We consider four-dimensional F-theory models that come from an elliptic fibration
with a section over a smooth compact toric threefold B. The total space X is a Calabi-Yau
fourfold, which can be described by a Weierstrass model:
y2 = x3 + f(s, t, w)x+ g(s, t, w) (2.1)
Here we denote the local coordinates on B by complex variables s, t, w. f, g and the
discriminant
∆ = 4f3 + 27g2 (2.2)
are sections of line bundles
f ∈ O(−4K), g ∈ O(−6K), ∆ ∈ O(−12K), (2.3)
where K is the canonical class of the base B. The elliptic fiber is singular at the vanishing
locus of ∆. For codimension one loci on the base, the singularity types were classified
by Kodaira [22]. In type IIB string theory, there are seven-branes wrapped on those loci.
For different orders of vanishing for f and g, these seven-branes give rise to different non-
Abelian gauge groups in the 4d supergravity theory [23–26]. We summarize the rules in
Table 1.
In general we expand f and g in a local coordinate w near a codimension one locus
w = 0 as follows:
f = f0+f1w+f2w
2+f3w
3+f4w
4+. . . , g = g0+g1w+g2w
2+g3w
3+g4w
4+g5w
5+. . . (2.4)
The coefficients fi, gi are functions of the other two local coordinates s and t.
We consider only generic elliptic fibrations on B; that is, we assume that the functions
f and g include all possible monomials with generic non-vanishing cooefficients. The gauge
groups that arise in this context are called (geometrically) non-Higgsable gauge groups.
Under this condition, not all cases in Table 1 are relevant in our study. The cases with
ord(∆)> 2·ord(g) are excluded. Hence the only possible non-Higgsable gauge group factors
that can arise on a single divisor (up to possible discrete quotients) are SU(2), SU(3), G2,
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Type ord (f) ord (g) ord (∆) sing. symmetry algebra
I0 ≥ 0 ≥ 0 0 none none
In 0 0 n ≥ 2 An−1 su(n) or sp(bn/2c)
II ≥ 1 1 2 none none
III 1 ≥ 2 3 A1 su(2)
IV ≥ 2 2 4 A2 su(3) or su(2)
I∗0 ≥ 2 ≥ 3 6 D4 so(8) or so(7) or g2
I∗n 2 3 n ≥ 7 Dn−2 so(2n− 4) or so(2n− 5)
IV ∗ ≥ 3 4 8 e6 e6 or f4
III∗ 3 ≥ 5 9 e7 e7
II∗ ≥ 4 5 10 e8 e8
non-min ≥ 4 ≥ 6 ≥ 12 does not appear for SUSY vacua
Table 1. Table of codimension one singularity types for elliptic fibrations and associated non-Abelian
symmetry algebras. In cases where the algebra is not determined uniquely by the orders of vanishing of
f, g, the precise gauge algebra is fixed by monodromy conditions that can be identified from the form of
the Weierstrass model.
SO(7), SO(8), F4, E6, E7 and E8. There are two different kinds of non-Higgsable SU(2)
gauge groups, corresponding to type III and type IV singular fibers respectively; we refer
to these as SU(2)III and SU(2)IV .
For the fiber types IV , I∗0 and IV ∗, the gauge group is specified by additional infor-
mation encoded in the “monodromy cover polynomials” µ(ψ) [24–26]. Suppose the divisor
is given by a local equation w = 0, then for the case of type IV ,
µ(ψ) = ψ2 − (g/w2)|w=0 = ψ2 − g2. (2.5)
When µ(ψ) can be locally factorized into
µ(ψ) = (ψ + a)(ψ − a), (2.6)
the gauge group is SU(3), otherwise it is SU(2). This means that the gauge group given by
a type IV singular fiber is SU(3) if and only if g2 is a complete square. The case of type
IV ∗ is similar, where the monodromy cover polynomial is
µ(ψ) = ψ2 − (g/w4)|w=0 = ψ2 − g4. (2.7)
When g4 is a complete square, then the corresponding gauge group is E6, otherwise it is
F4. For the case of type I
∗
0 , the monodromy cover polynomial is
µ(ψ) = ψ3 + (f/w2)|w=0ψ + (g/w3)|w=0 = ψ3 + f2ψ + g3. (2.8)
When µ(ψ) can be decomposed into three factors:
µ(ψ) = (ψ + a)(ψ + b)(ψ − a− b), (2.9)
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the corresponding gauge group is SO(8). Otherwise if it can be decomposed into two
factors:
µ(ψ) = (ψ + a)(ψ2 − aψ + b), (2.10)
the gauge group is SO(7). If it cannot be decomposed at all, then the gauge group is the
lowest rank one: G2.
2.2 Toric bases
To describe the geometry of the base we will use some basic language of toric geometry;
see [27]. The base three-dimensional compact toric variety is described by a fan, which is
a set of one, two and three dimensional cones in the integral lattice N = Z3. The one-
dimensional cones (three-dimensional rays) {vi = (vi,x, vi,y, vi,z) ∈ N} correspond to the
toric divisors {Di} on the base (i = 1, . . . , n). The two-dimensional cone vivj corresponds
to the intersection locus of the two divisors Di and Dj , which is a toric curve. The three-
dimensional cone vivjvk is the intersection point of three divisors Di, Dj and Dk. There
is a universal requirement on the cones, which is that the intersection of any of those
cones is also a cone (or ∅). Hence, any toric curve vivj is contained in exactly two three-
dimensional cones: vivjvk and vivjvl. The essential information about a toric threefold B
is then the set of toric divisors {Di} and the set of three-dimensional cones {σp = vivjvk}.
Furthermore, the total number of three-dimensional cones is fixed to be |{σp}| = 2n − 4.
For a smooth variety, it is required that the three-dimensional cones have unit volume: for
all σp = vivjvk, |(vi × vj) · vk| = 1.
Actually, the toric divisors {Di} are not entirely linearly independent in homology.
There are three linear relations:
n∑
i=1
vi,xDi = 0 ,
n∑
i=1
vi,yDi = 0 ,
n∑
i=1
vi,zDi = 0. (2.11)
Hence the rank of the Picard group of B is rk(Pic(B))= h1,1(B) = n− 3.
The canonical class K of the base B is given by
K = −
n∑
i=1
Di. (2.12)
On B we can define the triple intersection numbers Di · Dj · Dk. For i 6= j 6= k, if
vi, vj , vk are in a three-dimensional cone σp, then Di · Dj · Dk = 1. Otherwise it is zero.
All the triple intersection numbers involving self products can be determined by the linear
relations (2.11) and the fact that Di ·Dj ·Dk vanishes if DiDj(i 6= j) is not a toric curve
(Actually those DiDj generate the Stanley-Reisner ideal of B). However, unlike the case
of 2d toric bases, those triple intersection numbers do not seem to provide a simple direct
approach to the classification of non-Higgsable clusters.
Two toric bases B1 and B2 are equivalent if their defining rays are related by a lattice
isomorphism of N = Z3, while keeping the set of cones {σp} unchanged.
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Figure 1. Illustration of two different kinds of blow ups, viewed from above. The left case corresponds to
blowing up a point vivjvk. The right case corresponds to blowing up a curve vivj .
2.3 Blow-ups and blow-downs
To move between different threefold bases, we can use blow-ups or blow-downs to increase
or decrease the rank of the Picard group. There are two kinds of blow up operations on
toric bases B: one can either blow up a point that corresponds to a three-dimensional cone
σ = vivjvk or blow up a toric curve vivj . In the first case, a new ray v˜ = vi + vj + vk is
introduced. The old three-dimensional cone σ is removed, and three new three-dimensional
cones σ˜1 = vivj v˜, σ˜2 = vjvkv˜, σ˜3 = vkviv˜ are included. For the second case, a new ray
v˜ = vi + vj is introduced. Suppose that there are two old 3d cones σ1 = vivjvk and
σ2 = vivjvl that contain the toric curve vivj . They are removed after the blow up. Four
new 3d cones σ˜1 = vivkv˜, σ˜2 = vjvkv˜, σ˜3 = vivlv˜, σ˜4 = vjvlv˜ are included. Note that vivj
is no longer a toric curve after the blow up. Similarly a blow down is defined to be the
inverse process of a blow up (or as the contraction of a ray). Given a ray v, it may or
may not be contracted depending on the neighboring rays. If there are only 3 neighboring
rays vi, vj , vk and they satisfy v = vi + vj + vk, then v can be contracted into a point. If
there are 4 neighboring rays vi, vk, vj , vl (in cyclic order around the curve), if v = vi + vj
or v = vk + vl, then v can be contracted into toric curve vivj or vkvl respectively. For all
the other cases, the ray v cannot be contracted.
When there are rays vi, vj , vk, vl that satisfy the relation vi + vj = vk + vl, and there
is a 2d cone vivj , then there exists a “flop” operation, which is a combination of a blow up
and a blow down; see Figure 2.
By starting with one toric base, which we take in this work to be P3, and performing
successive blow-ups and blow-downs, we can explore a large range of threefold bases that
are connected through these transitions. We restrict attention to bases that support el-
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flop
Figure 2. Illustration of the flop process, which can happen when vi + vj = vk + vl.
liptic Calabi-Yau fourfolds and associated F-theory models without tensionless strings, as
determined by the criterion that there are no codimension 1 or 2 loci where f, g,∆ vanish
to orders (4, 6, 12). The precise formulation of this condition for toric threefold bases is
discussed further in §2.4. While there are allowed toric bases that cannot be reached from
P3 in this way, the set of bases that are connected to P3 by a sequence of single blow-up
or blow-down transitions form a large class of bases; these are the object of study in this
work. For 2d base surfaces, it is known that all allowed toric bases are connected through
blow-up and blow-down transitions [6] to the minimal model bases given by P2 and the
Hirzebruch surfaces [28, 29]; to get to certain bases (such as, e.g., F12) from a starting point
such as P2, however, requires passing through intermediate bases that contain points (codi-
mension two loci) where f, g vanish to orders (4, 6), corresponding to tensionless strings
and superconformal sectors [3, 30–33]; blowing up these points gives a transition to a base
with an additional tensor multiplet and larger h1,1. We do not include bases containing
such codimension two loci in our study; as in the 6d (complex surface base) case this
means that certain toric threefold bases will be disconnected from the set under study.
Furthermore, the analogue (described using Mori theory [34]) of the minimal base surfaces
for threefold bases is not known explicitly, and there is no proof that all threefold bases
that support elliptic Calabi-Yau threefolds are connected through simple geometric tran-
sitions. Nonetheless, the class of bases that we study here, which are connected to P3 by a
sequence of allowed blow-up or blow-down transitions through allowed bases that have no
codimension two (4, 6) loci, seem to form a large and sufficiently diverse class of bases to
give interesting information about a fairly generic class of threefold F-theory bases.
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2.4 Toric monomials and non-Higgsable clusters
The origin (0, 0, 0) ∈ N represents a complex torus (C∗)3, which has three coordinates
S, T,W . The sets of holomorphic monomials that are sections of specific line bundles on
B are subsets of the dual integral lattice M = Hom(N,Z). The monomial SaT bW c is
represented by (a, b, c) ∈ M . Each of the three-dimensional cones σ = vivjvk represents a
local coordinate patch. Over this patch the ring of holomorphic monomials is described by
the dual cone
σ∗ = {u ∈M |〈u, vi〉 ≥ 0 , 〈u, vj〉 ≥ 0 , 〈u, vk〉 ≥ 0}. (2.13)
Using this information we can write down the local coordinates in that patch and the
transition rules between different patches. If the three divisors Di, Dj and Dk are given
by local equations w = 0, s = 0 and t = 0, then the monomial u ∈ M corresponds to
w〈u,vi〉s〈u,vj〉t〈u,vk〉.
Now we can construct the set of monomials appearing in f , g and ∆. We denote them
by {f}, {g} and {∆}. They are given by:
{f} = {u ∈M |∀vi , 〈u, vi〉 ≥ −4},
{g} = {u ∈M |∀vi , 〈u, vi〉 ≥ −6},
{∆} = {u ∈M |∀vi , 〈u, vi〉 ≥ −12}.
(2.14)
The order of vanishing of f , g and ∆ on a toric divisor Di is then
ordDi(f) = min(〈u, vi〉+ 4)|u∈{f},
ordDi(g) = min(〈u, vi〉+ 6)|u∈{g},
ordDi(∆) = min(〈u, vi〉+ 12)|u∈{∆}.
(2.15)
We can also write down the order of vanishing of f , g and ∆ on a toric curve DiDj :
ordDiDj (f) = min(〈u, vi〉+ 〈u, vj〉+ 8)|u∈{f},
ordDiDj (g) = min(〈u, vi〉+ 〈u, vj〉+ 12)|u∈{g},
ordDiDj (∆) = min(〈u, vi〉+ 〈u, vj〉+ 24)|u∈{∆}.
(2.16)
ordDiDj (f, g,∆) can be greater or equal to ordDi(f, g,∆) + ordDj (f, g,∆). This is different
from the case of 2d bases, where the order of vanishing on the intersection point of two
divisors is always the sum of the orders of vanishing on those two divisors.
Similarly we can write down the order of vanishing of f , g and ∆ on the point DiDjDk:
ordDiDjDk(f) = min(〈u, vi〉+ 〈u, vj〉+ 〈u, vk〉+ 12)|u∈{f},
ordDiDjDk(g) = min(〈u, vi〉+ 〈u, vj〉+ 〈u, vk〉+ 18)|u∈{g},
ordDiDjDk(∆) = min(〈u, vi〉+ 〈u, vj〉+ 〈u, vk〉+ 36)|u∈{∆}.
(2.17)
For a good F-theory base, we exclude the cases where the order of vanishing of f and
g reaches 4 and 6 on a divisor:
ordDi(f) ≥ 4 , ordDi(g) ≥ 6 ⇒ excluded (2.18)
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or on a curve:
ordDiDj (f) ≥ 4 , ordDiDj (g) ≥ 6 ⇒ excluded (2.19)
As mentioned above, in the case of a curve a (4, 6) locus indicates the appearance of a
tensionless string, so that the low-energy theory does not have a conventional field theory
description; such curves can be blown up to get another base that generally supports a less
singular elliptic CY threefold. We also exclude the bases where the order of vanishing of f
and g reaches 8 and 12 on a toric intersection point1:
ordDiDjDk(f) ≥ 8 , ordDiDjDk(g) ≥ 12 ⇒ excluded (2.20)
Practically, since the elliptic fibration is generic we only need to check the order of vanishing
for g.
Apart from the constraints (2.18)–(2.20), there are also other cases where ordDi(f) ≥ 4,
ordDi(g) = 5, but the expansion coefficient g5 in (2.4) contains more than one monomial.
When this happens, g5 is not constant, which means that there is a locus Σ ∈ Di such
that ordΣ(g) = 6. This type of (4, 6) singularity on a curve is analogous to that which
arises at points on the (-9), (-10), (-11)-curves on 2d bases [5]. We exclude toric bases with
such (4, 6) curves, though they may admit blow-ups to non-toric bases that support good
F-theory compactifications.
Using the information of {f} and {g}, we can read off the non-Higgsable gauge group
on each divisor. We explicitly describe the rules for non-Higgsable type IV , IV ∗ and I∗0
singularities; see also [12, 14].
When ordDi(f) ≥ 2, ordDi(g) = 2, the singularity type is IV . In this case when g2 only
contains one monomial u ∈ M , and furthermore u ∈ 2M is even and therefore a perfect
square, then the gauge group is SU(3). Otherwise the gauge group is type SU(2)IV .
When ordDi(f) ≥ 3, ordDi(g) = 4, the singularity type is IV ∗. In this case when g4
only contains one monomial u ∈M , and furthermore u ∈ 2M , then the gauge group is E6.
Otherwise the gauge group is F4.
When ordDi(f) ≥ 2, ordDi(g) = 3 or ordDi(f) = 2, ordDi(g) > 3, the singularity type
is I∗0 . When the monodromy cover polynomial (2.8) can be written as
µ(ψ) = ψ3 + f2ψ + g3 = ψ
3 − (a2 − b)ψ + ab, (2.21)
the gauge group is SO(7) or SO(8). The gauge group is SO(8) only when µ(ψ) can be
written as
µ(ψ) = ψ3 + f2ψ + g3 = ψ
3 − (a2 + ab+ b2)ψ − (a+ b)ab. (2.22)
Now if ordDi(f) = 2 and ordDi(g) > 3, µ(ψ) = ψ
3 + f2ψ, the gauge group is either SO(7)
or SO(8). The gauge group is SO(8) only when a = 0 or b = 0 or a + b = 0 in (2.22).
Then it is required that f2 only contains one monomial u ∈M , and furthermore u ∈ 2M .
Otherwise the gauge group is SO(7).
1It is not clear whether it is problematic or not when the orders of vanishing of f and g reach (4,6) at a
codimension-three locus [35]. Here, as in [14], we use the weaker condition (2.20).
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For the other case, ordDi(f) ≥ 2 and ordDi(g) = 3, for generic f, g, µ can only have
the form (2.21) if f2 and g3 each contain only single monomials and b ∼ a2. This can
be seen by simply considering the number of independent monomials in a, b compared to
f2, g3. Thus, when f2 ∼ a2 and g3 ∼ a3 for a single monomial a, µ(ψ) can be written in
form of (2.22) and the gauge group is SO(8); otherwise the gauge group is G2.
2.5 Fourfold geometry
Much of the relevant geometry of the generic elliptic Calabi-Yau fourfold fibered over the
threefold base B can be read off directly from the geometry of B.
From the full non-Abelian non-Higgsable gauge group G, we can compute the Hodge
number h1,1(X) of the Calabi-Yau fourfold, using the Shioda-Tate-Wazir formula [3, 36]
h1,1(X) ∼= h˜1,1(X) = h1,1(B) + rk(G) + 1. (2.23)
Here we assume that there is no non-Higgsable U(1) gauge group. For all the 2d toric
bases, such contributions to h1,1(X3) never appear [6], though we do not know for sure
that this cannot happen for toric 3d bases.
We can also compute the Hodge number h3,1(X), using an approximate Batyrev type
formula [37]:
h3,1(X) ∼= h˜3,1(X) (2.24)
= |{f}|+ |{g}| −
∑
Θ∈∆,dim Θ=2
l′(Θ)− 4 +
∑
Θi∈∆,Θ∗i∈∆∗,dim(Θi)=dim(Θ∗i )=1
l′(Θi) · l′(Θ∗i ) .
Here ∆∗ is the convex hull of {vi} and ∆ is the dual polytope of ∆∗, defined to be
∆ = {u ∈ R3|∀v ∈ ∆∗ , 〈u, v〉 ≥ −1}. (2.25)
The symbol Θ denotes 2d faces of ∆. Θi and Θ
∗
i denote the 1d edges of the polytopes ∆
and ∆∗. l′(·) counts the number of integral interior points on a face. While this formula
is only proven for a subclass of toric threefold bases, and may be off by small amounts for
some choices of B, we expect that it is a good approximate measure of h3,1(X).
Because both formulae used here are not rigorously proven for all toric threefold bases,
and we only use them as approximate measures of the Hodge numbers, we have used tildes
to denote the approximate Hodge numbers h˜1,1, h˜3,1 given by these formulae.
2.6 Random walks on the connected set of toric threefold bases
In order to characterize generic properties of a 3d toric base in 4d F-theory, we can perform
a random walk from some starting point, say P3. In each step of the random walk, the
base may be blown up or blown down to get another acceptable base. Depending upon the
weighting of the probabilities of each move, we get a specific resulting distribution on the
set C of connected valid 3d toric bases without (4, 6) curves.
We perform the random walk using an equal weighting for each valid blow-up or blow-
down from a given base B ∈ C. It is easy to see that a random walk on a graph where each
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node Vi has ni neighbors, where neighbors are chosen uniformly on each step of the walk,
will give a distribution on nodes proportional to ni, since the probability of traversing each
link in either direction is then equal. A potential obstruction to using this algorithm in
the case at hand is the computational burden of determining which neighbors are valid;
for a toric threefold base having a fan with n rays and h1,1(B) = n − 3, the number of
faces (three-dimensional cones) is 2n−4, and the number of edges (two-dimensional cones)
is is 3n − 6, so the number of possible moves goes as 6n. For n ∼ 100, this makes it
very costly to evaluate all possible blow-ups and blow-downs for validity. Thus, we use a
simpler algorithm of simply choosing a possible blow-up or blow-down at random from the
set of all the 6n − 10 possible 3d cones, 2d cones, and rays, and then testing the chosen
move to see if it results in an allowed base. If the tested step does not lead to an allowed
base, we try again. This effectively gives a random walk where all allowed moves are
weighted equally, so that over a large number of steps we expect a “thermal” distribution
in which the probability of each base B in the set C connected to the starting base P3
is proportional to ni, the number of valid neighbors to which B is connected by single
blow-up or blow-down moves. To get a uniform distribution on the set of allowed bases we
need to weight our statistics by the factor 1/ni for each base. Because we do not explicitly
compute ni for the reasons given above, we estimate the weighting factor in a crude way
by computing the number t of tries needed to identify an allowed neighbor. Naively the
number of allowed neighbors of a given base B should then be (6n − 10)/〈t〉, where 〈t〉 is
the average number of tries needed to identify an allowed neighbor over many trials on the
base B. The weighting factor 1/ni can therefore be estimated as 〈t〉/(6n− 10), so we can
estimate quantities statistically by weighting each base with the factor t/(6n− 10).
Sometimes, however, the different neighbors of one base can be equivalent. For ex-
ample, consider a graph with only three nodes: P3, blpconeP3 and blpcurveP3. blpconeP3
and blpcurveP3 denote the bases that result from blowing up a (3d) cone or a curve on P3
respectively. We explicitly list the rays and 3d cones for these three toric threefold bases
below:
P3 : v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (−1,−1,−1),
{σp} = {v1v2v3, v1v2v4, v1v3v4, v2v3v4}
(2.26)
blpconeP3 : v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (−1,−1,−1), v5 = (1, 1, 1),
{σp} = {v1v2v4, v1v3v4, v2v3v4, v1v2v5, v1v3v5, v2v3v5}
(2.27)
blpcurveP3 : v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (−1,−1,−1), v5 = (1, 1, 0),
{σp} = {v1v3v4, v2v3v4, v1v3v5, v1v4v5, v2v3v5, v2v4v5}
(2.28)
There are four ways to get blpconeP3 and six ways to get blpcurveP3 from blowing up
a cone or curve on P3, since there are 4 3d-cones and 6 2d-cones in the toric fan of P3.
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This means that naively P3 has 10 neighbors, and the base is weighted by 1/10. Now,
if we perform a random walk on this graph, the expected probability ratio is p(P3) :
p(blpconeP3) : p(blpcurveP3) = 10 : 4 : 6. Then after we weight p(P3) by a factor 1/10,
the expected probability ratio becomes 1 : 4 : 6, which is still far from uniform. To fix
this problem we compute the symmetry factor F of each base, which is defined to be the
order of the subgroup of the permutation group acting on the toric divisors of the base
that preserves the cone structure. For example, for the base P3, since all the four rays
v1, v2, v3, v4 can be permuted arbitrarily without changing the cone structure, F (P3) = 24.
For the base blpconeP3, the divisors corresponding to v1, v2 and v3 can be permuted, hence
F (blpconeP3) = 6. For the base blpcurveP3, there are two symmetric divisor pairs: (v1, v2)
and (v3, v4), hence F (blpcurveP3) = 4. After we multiply those symmetry factors by the
ratio 1 : 4 : 6, then we achieve a uniform distribution. In general, if there are m ways to
get equivalent bases B from k equivalent bases A with symmetry factor F (A), then the
symmetry factor of B satisfies mF (B) = kF (A). Hence this inclusion of symmetry factors
solves the problem.
For a general base with a large number of rays, the probability of having a nontrivial
symmetry is negligible. So practically, the inclusion of symmetry factors only affects the
statistics of bases with a number of rays n . 10.
In the following section we present results of this Monte Carlo approach.
3 Results
3.1 Choices of Monte Carlo parameters
Our primary analysis was carried out by doing 100 independent runs of 100,000 bases,
each starting at P3 and exploring a subset of the bases in the connected set C using a
random walk as described above. In the remaining parts of this paper we refer to these 100
runs as “unbounded” runs, to distinguish them from other runs (with bounded h1,1(B))
described in §3.2.2. The first 500 or so bases in each unbounded run had atypically small
values of h1,1(B). We compute our statistics based on the subset after each run has
approximately thermalized, by dropping the first 1000 bases. As we discuss further in the
following sections, each run rapidly seems to have entered a local region, or domain, of the
allowed space of bases that may only be connected to the other domains through relatively
rare paths in the graph that may require an excursion to relatively low h1,1. Thus, it
seems that these individual runs are not truly thermalized in a global sense. Nonetheless,
the distributions in each domain are sufficiently similar and regularly distributed between
domains that we take the set of data from the 100 independent runs as presumably relatively
representative of the full set C of connected bases. Further more extensive analysis would
be necessary to rigorously demonstrate or counter this hypothesis. We also note in parts of
the analysis some distinctions between the different domains explored by the independent
runs.
– 12 –
40 50 60 70 80 90 100 110 120 130
0
2000
4000
6000
8000
10000
12000
14000
16000
18000
h1,1(B)
N(B)
Figure 3. The distribution of h1,1(B), including weighting factors. Bold black curve is total distribution
(divided by the number of runs, 100), colored curves are some example distributions from individual runs.
The total number of samples in each run is normalized to 100,000.
3.2 Distribution and number of threefold bases
3.2.1 Distribution of bases
We begin by considering the distribution of bases as estimated by the Monte Carlo analysis
using some fairly simple measures.
As described in §2.6, we estimate the proper weighting factor for each base B encoun-
tered by t ·F (B)/(6n−10), where n is the number of rays for the fan of B, t is the number
of tries needed to find an allowed neighbor, and F (B) is the symmetry factor of B.
The total distribution is graphed in Figure 3 and compared to the distributions for
several individual runs.
From the distinct shapes of the distributions from individual runs, we see evidence
for the observation mentioned above that each run is probing a different domain in the
connected space of bases. One particular run, for example, probed a set of bases with
anomalously low h1,1(B) values, giving rise to the small bump on the left tail of the total
distribution shown in Figure 3. A much longer (perhaps impossibly long in practice) Monte
Carlo run would be needed to have true thermalization between the domains in a single
run.
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The overall mean and standard deviation of h1,1(B) are
〈h1,1(B)〉 = 82 (3.1)
σ(h1,1(B)) = 6 . (3.2)
Comparing the distinct runs, the mean value in each run ranged from 59.4 to 96.8, with a
standard deviation of 6.
As mentioned in the introduction, simple bases such as toric Fano threefolds, P1 bun-
dles over P2 and P2 bundles over P1, as studied in [16–18], have very small values of h1,1(B),
and are only encountered in the first stages of the Monte Carlo runs, before thermalization.
Larger classes of P1 bundles over more general base surfaces were explored in [12] and [15].
In particular, in [15], the full set of threefolds that have the form of P1 bundles over toric
surfaces S that themselves support elliptic Calabi-Yau threefolds was explored. That set
included threefolds with a larger range of values of h1,1(B), and is more closely analogous
to the distribution of bases studied here. As we mention again below, the qualitative dis-
tribution of physical features on that set is roughly compatible with what we have found
in the Monte Carlo analysis, although the P1-bundle threefolds have certain characteristic
features that affect the distribution of e.g. non-Higgsable clusters that arise on those bases.
It is helpful to get a sense of how each run explores the space of possible bases by
graphing the set of (approximate) Hodge numbers h˜1,1(X), h˜3,1(X) of the generic elliptically
fibered Calabi-Yau fourfolds over the sets of bases B explored by the separate runs. Two
sample runs are shown in Figure 4. The mean Hodge numbers across each run are shown
in Figure 5. These Hodge numbers can be compared to the distribution of Hodge numbers
known for general Calabi-Yau fourfolds constructed using toric and related methods [16,
38, 39], as depicted in Figure 6.
Though the fourfolds we encounter in the Monte Carlo exploration have relatively
small Hodge numbers compared to the limits realized in the full set of known Calabi-Yau
fourfolds, the Hodge numbers are clustered in a region that is not far from the peak of
the distribution in the set of known fourfolds, at least for those that arise from reflexive
transverse weight systems. Figure 7 compares the distribution of h1,1 +h3,1 encountered in
the Monte Carlo runs to the distribution found for a particular set of fourfold constructions,
namely the transverse weight systems found in [38] that give reflexive polytopes. Note that
the Monte Carlo distribution is much more peaked than that for the known fourfolds. There
are several possible reasons for this. First, bases with small h1,1(B) can support a wide
range of “tunings” of the Weierstrass model corresponding to distinct codimension one
and two singularity structures giving distinct Calabi-Yau fourfolds with relatively small
Hodge numbers over the same base, while bases giving elliptic Calabi-Yau’s with larger
Hodge numbers admit fewer tunings (see e.g. [9]). This in general increases the number of
fourfolds at small Hodge numbers disproportionately to the number of bases. The fourfolds
that do not admit elliptic fibrations with section may also be more common at smaller
Hodge numbers. At larger Hodge numbers, there are fourfolds that support non-Higgsable
E8 factors that arise from toric constructions with (4, 6) curves, which are not included
in this analysis. These may increase the number of fourfolds with higher Hodge numbers
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Figure 4. (Approximate) Hodge numbers for generic elliptically fibered fourfolds over the bases B en-
countered in two of the random walks through the space of connected bases.
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Figure 5. Mean values of the (approximate) Hodge numbers for generic elliptic Calabi-Yau fourfolds over
the threefold bases encountered in each of the independent Monte Carlo runs.
relative to the distribution of bases found in the Monte Carlo. Finally, there can be many
weight systems that give rise to the same Calabi-Yau, which may artificially enhance the
distribution of weight systems in certain regimes. These issues make the comparison in
Figure 7 a rather rough analogy, but the rough agreement between the regions of the peak
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Figure 6. Distribution of Hodge numbers for Calabi-Yau fourfolds constructed as hypersurfaces in
weighted projective space using reflexive polytopes [39].
suggests that with the preceding caveats, somewhat similar distributions may be sampled
by the two different approaches. To get a sense of the significance of this comparison, we
have considered a similar analysis in the case of elliptic threefolds, with results shown in
Figure 8. In that graph we compare the set of Hodge numbers for an analogous class of
weight systems that give known Calabi-Yau threefolds from hypersurfaces in toric varieties
[41–43] (data available at [40]) to generic elliptic fibrations over the full set of toric base
surfaces that support elliptic Calabi-Yau threefolds (identified in [6]) and the subset in the
connected set C3 related to P2 by blow-ups and blow-downs that do not introduce (4, 6)
points. In the 3D case we see that the connected set has a similar shape but somewhat
smaller size and lower Hodge numbers from the complete set of toric bases. And we see a
similar rough agreement between the peaks of the distributions, which are all well below
the largest possible Hodge numbers realized for threefolds. As in the fourfold case, the
distribution from the connected set of base surfaces is more peaked and undercounts the
number of threefolds at both small and large Hodge numbers. In the case of threefolds
explicit consideration of the distributions shows that the reasons given above seem to
characterize the differences between the distributions accurately. Note in particular that
there are many distinct weight systems that can characterize the same reflexive polytope
and elliptic threefold; this explains the excess in the graph of the distribution of weight
systems compared to toric bases at large Hodge numbers seen in Figure 8. In fact, at very
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Figure 7. The weighted distribution of bases found in the Monte Carlo as a function of h˜1,1(X)+ h˜3,1(X),
compared to the set of fourfolds identified in [38], as hypersurfaces in 5d reflexive polytopes corresponding
to transverse weight systems. The scale on the Monte Carlo data is not significant and is chosen based on
the size of the Monte Carlo runs, which happens to give it a compatible scale for easy comparison with the
fourfold data (available from [40]).
large Hodge numbers all known threefolds are elliptic fibrations over toric bases, with little
tuning possible.
Analyses from several points of view [7, 9, 42, 44–46] suggest that in fact most or all
known Calabi-Yau threefolds and fourfolds with large Hodge numbers admit an elliptic
fibration. Thus, both for threefolds and for fourfolds we may expect that a complete
analysis of the bases involved, including tunings of the generic Weierstrass model, may give
a good picture of the set of possible elliptic Calabi-Yau manifolds. In any case, the rough
similarity between Figure 7 and the fairly parallel 3d analysis depicted in Figure 8 suggests
that the Monte Carlo analysis of threefold bases is exploring a reasonably representative
sample of the bases associated with a significant part of the space of known fourfolds. As
in the case of threefold bases, we expect that our Monte Carlo is missing an even larger
number of bases that have (4, 6) curves, associated with non-toric threefolds that support
Calabi-Yau fourfolds giving F-theory models with E8 gauge factors. It would be nice to
extend the kind of analysis we do in this paper to include these other bases, though this is
technically more complicated than in the simpler case of base surfaces for elliptic threefolds.
3.2.2 The number of threefold bases
The number of bases in the connected set we are exploring appears to be quite large. In
particular, the tendency of the Monte Carlo runs to enter separated domains in the graph
of connected bases indicates that the total number of bases available is at least much
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Figure 8. Comparison of the distribution of Hodge numbers in the known Kreuzer-Skarke Calabi-Yau
threefold database with the set of Hodge numbers for generic elliptically fibered CY threefolds over both the
full set of toric bases [6] and the subset in the connected set C3 related to P2 by blow-ups and blow-downs
that do not introduce (4, 6) points. In order to match up with Figure 7, we only choose the subset in the
Kreuzer-Skarke database that corresponds to reflexive weight systems [41].
larger than 105. The individual Monte Carlo runs we have carried out generally do not
hit bases with h1,1(B) . 50 once they have “thermalized” after 1000 or more steps. To
get a normalization on the distribution and thus estimate the total number of bases, we
have carried out a sequence of runs in which we have placed an artificial upper bound on
the Picard number of the base. In particular, we have done 10 Monte Carlo runs of 30,000
steps each with upper bounds h1,1(B) ≤ 5k + 2 for each k = 1, . . . , 13. We again ignore
the first 1000 bases in all the statistical analyses. Using the appropriate weighting factors,
this gives an estimate of the distribution of bases in each bounded range of h1,1(B).
The (logarithmically scaled) distributions of bases for the first few values of k are
shown in Figure 9.
To estimate the total number of bases in C we can combine the distributions from the
bounded runs. We define
N(h) = |{B ∈ C : h1,1(B) = h}| . (3.3)
We know that N(1) = 1 (from B = P3), and it is not hard to determine that N(2) = 27
(from P1 × P2, 12 distinct nontrivial P1 bundles over P2 and 14 distinct nontrivial P2
bundles over P1; there is also one toric base with h1,1(B) = 2 and an E8 divisor — the
P1 bundle over P2 with twist 18 — that is not in the connected graph C.) As a check on
our methodology, the ratio N(2)/N(1) = 27 is correctly reproduced to good accuracy by
Monte Carlo runs with a low bound on h.
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We denote the number of bases with h1,1(B) = h encountered in the experiment
h1,1(B) ≤ m by Nm(h). The numbers are geometrically averaged among multiple runs.
Then the run at k = 1 gives an estimate of N(7), using the experimental ratio N7(7)/N7(2)
and the fact that N(2) = 27:
N(7) ∼= 27 · N7(7)N7(2) . (3.4)
From the run at k = 2 we can use the experimental value N12(12)/N12(7) to estimate
N(12). Repeating this process we can give a rough estimate for
N(h) ∼= 27× N7(7)N7(2) ×
N12(12)
N12(7) × · · · ×
Nh′(h′)
Nh′(h′ − 5) ×
Nh′+5(h)
Nh′+5(h′) , (3.5)
where h′ ≡ 2 (mod 5) and h − 5 < h′ ≤ h. Finally when h ≥ 67, the proportion of bases
at each h is significant enough that we can employ the data from the 100 unbounded runs,
and N(h) can be estimated by
N(h) ∼= N(67) · Nunbounded(h)Nunbounded(67) . (3.6)
The resulting estimations of N(h) are graphed in Figure 10. We also plot log10(N(h))
in Figure 11, with the standard deviation. It turns out that in the region h ≤ 35, the
number of bases grows exponentially. In the region 35 ≤ h ≤ 60, the exponential growth
slows down. Finally the number of bases reaches a peak at h ∼= 82.
Summing these approximate values, we have a very rough estimate
|C| =
∞∑
h=1
N (h) ∼ 1048±2 . (3.7)
3.2.3 Number of possible flops on each base
One possible explanation for the exponential growth of the number of bases with h1,1(B) is
the existence of many flops (see Figure 2) on typical bases with large h1,1(B). Since a flop
does not change the rays or the set of monomials, the geometric non-Higgsable gauge group
content of the associated F-theory compactification does not change under a flop. Because
vi + vj = vk + vl, f and g also vanish to the same order on the toric curves vivj and vkvl.
Hence if B1 ∈ C, and B2 can be related to B1 by a flop, then B2 ∈ C always holds. Note,
however, that because the curves lie on different combinations of divisors after a flop, the
matter content of an F-theory model, associated with the codimension two singularities on
curves that live in each divisor, may change under a flop.
If there are n possible flops on a base B ∈ C, and each flop is isolated, then there are 2n
bases in C that can be related to B by a sequence of flops. A flop can occur when 4 vertices
associated with rays vi are coplanar and connected by 2d cones as in Figure 2. When
more than 4 vertices are coplanar and connected, multiple connected flops can be possible.
In this case, the total number of distinct bases in the set connected by flops may not be
exactly 2n. Performing a flop may, for example, destroy the possibility of others among
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Figure 9. Distributions of bases in connected sets with an upper bound h1,1(B) ≤ 5k+2 for k = 1, 2, 3, 4.
Only the relative numbers are plotted, so that those curves can be displaced vertically and connected.
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Figure 10. Rough estimation of the number of bases B ∈ C with h1,1(B) = h.
the n possible flops. Or it may bring in new possible flops, so the 2n is just an estimation.
An example of 6 vertices, with six distinct triangulations connected by flops, is shown in
Figure 12. In different subsets of these configurations the number of possible flops is n =
1, 2, or 3, showing that 2n can over or underestimate the actual number of configurations
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Figure 11. Rough estimation of log10(N(h)) with error bars, where N(h) is the number of bases B ∈ C
with h1,1(B) = h.
Figure 12. Different cone configurations connecting six rays associated with coplanar vertices in the
lattice N = Z3 are connected by flops. In two of these configurations there is only one possible flop, in
another two there are two possible flops, and in the other two there are three possible flops.
connected through flop sequences. All of those bases give rise to the same gauge groups
and similar physics in F-theory compactifications, though precise details including the
(geometric) matter spectrum may differ between the constructions. Despite the differences
caused by connected sets of flops, 2n can be viewed as a good order of magnitude estimate
for the number of distinct bases associated with different triangulations of a single structure
connected by flops.
The average numbers of possible flops on bases with different h1,1(B) are plotted in
Figure 13. The number of flops grows almost linearly from h1,1(B) = 50 to h1,1(B) = 100.
Comparing to Figure 11, we can see that even if we divide the total number of bases for a
given h1,1(B) by 2n, where n is the average number of possible flops, the number of distinct
triangulation types of bases still grows exponentially. Hence there are still approximately
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Figure 13. Average number of possible flops on B as a function of h1,1(B). For h1,1(B) > 67, the numbers
are computed from the 100 unbounded runs. For the lower values of h1,1(B), they are computed from the
bounded runs.
1048/220 ∼ 1042 distinct bases that cannot be related by flops.
3.3 Distribution of non-Higgsable group factors
The geometrically non-Higgsable gauge groups and matter that arise on divisors and curves
in the F-theory base B provide a convenient structure with which to characterize both
the geometry of elliptic Calabi-Yau manifolds and the physics of the associated F-theory
compactifications [5, 7, 12–15]. While a full analysis of the physics of a given F-theory
model would involve many additional considerations, including tuning of enhanced gauge
symmetries or matter fields, G-flux, brane world-volume fields, etc., the non-Higgsable
geometry provides a starting point for such analysis. In this section and the following
section we look at generic features of non-Higgsable gauge groups that arise on the bases
found in our Monte Carlo study. In §3.5, we look at codimension two singularities associated
with matter fields and other structure.
3.3.1 Number of factors in G
Essentially all the bases found in the Monte Carlo runs had some divisors supporting non-
Higgsable gauge factors. The only exceptions were in the first few bases encountered in
each run, before “thermalization”.
The number of factors in G grows roughly linearly with h1,1(B). This is shown in
Figure 14 for several different individual runs, and averaged over runs in Figure 15. For
bases with h1,1(B) between 40 and 100, the fraction of divisors on any base that support
a non-Higgsable gauge factor is roughly 35–40%. The fraction is slightly smaller for low
h1,1(B), which is not surprising as the divisors can more easily have positive normal bundles
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Figure 14. Average number of factors in G as a function of h1,1(B), in three different unbounded runs
with 100,000 samples.
SU(2)III SU(2)IV SU(2) SU(3) G2
6.1± 1.7 7.5± 1.5 13.6± 1.6 2.0± 0.6 9.7± 1.8
SO(7) SO(8) F4 E6 E7
4× 10−6 ± 2× 10−5 1.0± 0.6 2.8± 1.1 0.3± 0.4 0.2± 0.5
Table 2. Average number of times each non-Higgsable gauge group factor appears on a base, with standard
deviation computed among the 100 runs.
when there are fewer rays in the toric fan, and non-Higgsable gauge factors are associated
with negative contributions to the normal bundle [14]. Note that this fraction of divisors
supporting non-Higgsable gauge factors is significantly smaller than in the case of P1-bundle
bases studied in [15] (see Figure 12 in that paper). This can be understood because of the
special geometric structure of the P1-bundle bases, which is dominated by an essentially 2d
structure of the base surface S for the P1 bundle, so that the statistics there are closer to
what is expected from non-Higgsable groups on toric base surfaces [6], where the divisors
form a linear chain, with one- or two-factor non-Higgsable clusters separated by −1 curves
on surfaces of large h1,1(S). The smaller fraction of divisors we find in the Monte Carlo
analysis is presumably a manifestation of the truly 3D nature of the toric threefold bases.
An interesting question is whether this fraction will be similar for non-toric bases, which
do not have the intersection structure on divisors associated with the triangulation of an
S2 by the divisor rays as in the toric threefold case.
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Figure 15. Average number of factors in G as a function of h1,1(B). For the part of the graph with
h1,1(B) > 67, averages are computed from the 100 unbounded runs. For the lower values of h1,1(B),
averages are computed from the bounded runs.
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Figure 16. Average number of times each gauge group factor appears per base, with standard deviation
computed among the 100 runs.
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SU(2)III SU(2)IV SU(2) SU(3) G2
20± 5 26± 6 46± 4 7± 3 32± 4
SO(7) SO(8) F4 E6 E7
1× 10−5 ± 7× 10−5 3.4± 2.1 9± 3 0.9± 1.1 0.9± 2.3
Table 3. Average percentage of each gauge group factor, with standard deviation computed among the
100 runs.
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Figure 17. Average percentage appearance of each gauge group factor, with standard deviation computed
among the 100 runs.
3.3.2 Distribution of gauge factors
We have listed the average numbers of times that each individual non-Higgsable gauge
group factor arises on a typical base in Table 2 and Figure 16. The percentage of the
time that each gauge factor arises among all the gauge group factors is listed in Table 3
and Figure 17. We also list the percentage of bases with a specific gauge group factor in
Table 4.
It turns out that the gauge factors SU(2) and G2 are mostly dominant. The gauge
factors F4 and SU(3) also generally arise on a typical base, with an average number of
appearances higher than 1 in each case. For the other gauge group factors, their appearance
seems to characterize some “local feature” of the part of landscape covered by a particular
run. The gauge group SO(7) is the most rare one; from these statistics, on a typical base
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SU(2) SU(3) G2 SO(7) SO(8) F4 E6 E7
99.999± 0.001 83± 11 99.93± 0.07 0.0004± 0.002 59± 21 94± 21 26± 31 18± 37
Table 4. Average percentage of bases with a specific gauge group factor, with standard deviation computed
among the 100 runs.
one does not expect the appearance of SO(7).
Comparing to the distribution of gauge factors found on P1-bundle bases [15], the
percentage of SU(3), SO(8) and E6 gauge groups are much higher than the corresponding
total percentage values in Table. 3 of [15]. But the percentage of SO(7) and E7 gauge factors
found here are much lower. Because we do not move across regions with codimension-2
(4,6) singularities, it is natural to expect that gauge groups with high rank such as E7
and E8 will be much rarer in our Monte Carlo analysis. The relative frequency of SO(7)
factors in P1-bundle bases likely comes from the basically 2d nature of the bases in that
case. SU(2) × SO(7) × SU(2) is a standard non-Higgsable cluster that arises on 2d base
surfaces for elliptic Calabi-Yau threefolds that contain a chain of curves of self-intersections
−2,−3,−2 [5], and if such a sequence of curves appears in the base S supporting the P1
bundle the same gauge group combination can appear as a non-Higgsable structure in the
resulting threefold base when the twist of the P1 bundle over that non-Higgsable cluster
is minimal. The absence of these factors in our Monte Carlo study reflects the more
intrinsically 3d structure of the bases explored here. This explanation agrees with the
observation made in [15], that the percentages of non-Higgsable gauge group factors that
arise on the sections of the P1 bundle bases (last line of Table 3 in that paper) are much
higher for SU(3), SO(8) and E6 factors than on other divisors, which makes sense since the
sections are described geometrically by a broader class of surfaces that locally corresponds
more closely to the general set of toric divisors in the toric threefold bases explored in the
Monte Carlo analysis here. The percentages of gauge groups we find here indeed correspond
reasonably well with those found in [15] when restricted to sections of the P1-bundle base,
suggesting that the broad features of these results are fairly generic. In particular, the
dominance of G2 and SU(2), the moderate level of appearance of SU(3), SO(8) and E6,
and the relative rarity of SO(7) are common features to these distributions.
3.3.3 Distribution of gauge pairs
As discussed in [14], the only possible configurations of two non-Higgsable gauge factors
located on neighboring divisors are:
SU(2)× SU(2) , SU(3)× SU(2) , SU(3)× SU(3) , G2 × SU(2) , SO(7)× SU(2) (3.8)
This follows from the requirement that there is not a (4,6) singularity on the intersection
of the two divisors, along with monodromy conditions. Such gauge pairs are naturally as-
sociated with codimension two singularities supporting (geometric) matter that transforms
as a field charged under both factors.
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SU(2)×SU(2) SU(3)×SU(2) SU(3)×SU(3) G2×SU(2) SO(7)×SU(2)
7.6± 1.9 2.4± 0.9 0.4± 0.4 14± 3 0± 0
Table 5. Average number of appearances of each gauge pair on a base, with standard deviation computed
among the 100 runs.
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Figure 18. Average number of appearances of each gauge pair per base, with standard deviation computed
among the 100 runs.
SU(2)×SU(2) SU(3)×SU(2) SU(3)×SU(3) G2×SU(2) SO(7)×SU(2)
31± 5 10± 3 1.7± 2.4 58± 6 0± 0
Table 6. Average percentage of each gauge pair, with standard deviation computed among the 100 runs.
We have listed the average number of times each gauge pair arises on a typical base
in Table 5 and Figure 18. The percentage of each gauge pair among all the gauge pairs is
listed in Table 6 and Figure 19. We also list the percentage of bases with a specific gauge
pair in Table 7.
The data on gauge pairs elaborates on the results presented in the last section. The
most dominant gauge pairs are SU(2)×SU(2) and G2× SU(2); SU(3) × SU(2) appears
moderately frequently, and the gauge pair SO(7)× SU(2) is so rare that it never appears
in our sampling runs. This indicates that the average number of SO(7)×SU(2) pairs on
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Figure 19. Average percentage of each gauge pair, with standard deviation computed among the 100
runs.
SU(2)×SU(2) SU(3)×SU(2) SU(3)×SU(3) G2×SU(2) SO(7)×SU(2)
98± 6 76± 14 28± 16 99.9± 0.7 0± 0
Table 7. Average percentage of bases with a specific gauge pair, with standard deviation computed among
the 100 runs.
a typical base could be lower than 1 × 10−7. The qualitative features of the distribution
on pairs match with what was found in [15] for gauge pairs on divisors of which one is a
section of a P1-bundle base.
An interesting feature in the statistics is that for a typical base, the gauge pair
SU(3)×SU(2) appears more than once, and more than half of bases (∼ 76%) support
at least one SU(3)×SU(2) gauge pair. Such a non-Higgsable gauge product could act as
the non-Abelian part of the standard model gauge group in a MSSM-like scenario [13]. We
leave the detailed construction of such phenomenological models to future work.
3.4 Clusters
As discussed in [14], there are many possible non-Higgsable clusters with size greater than
two in 4d F-theory. Since the possible configurations may be essentially arbitrarily com-
plicated, bounded only by the hypothetically finite number of threefold bases that support
elliptic Calabi-Yau fourfolds, it is not feasible to classify all the large clusters. We only
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Figure 20. The average number of non-Higgsable clusters of each size on a base.
present some statistical data here. On average, each base has a non-Higgsable gauge group
with roughly 30 simple non-Abelian factors, of which 6.6±1.6 are single gauge factors that
are not contained in any larger non-Higgsable clusters. Those gauge group components
automatically include all the SO(8), F4, E6 and E7 gauge factors. On each base there are
0.9 ± 0.5 non-Higgsable clusters with size equal to two, and 2.0 ± 0.5 larger clusters. We
plot the average numbers of non-Higgsable clusters of different size, on a base in Figure 20.
The average cluster size is 3.3 ± 0.8, including the single gauge groups. On each base we
can find the largest non-Higgsable cluster, and its average size is 16± 4. All the standard
deviations are computed among the 100 runs.
This means that a typical base in 4d F-theory contains very large non-Higgsable clus-
ters, which contain most of the gauge factors SU(2), SU(3) and G2. A sample of the set
of non-Higgsable clusters for a typical base encountered in one of the Monte Carlo runs
is shown in Figure 21. This example illustrates the complexity of the large clusters. This
base supports a non-Higgsable gauge group with 30 non-Abelian simple factors, with one
cluster of size 16, one cluster of size 5, one cluster of size 2, and 7 isolated gauge factors.
The clusters of size 16 and 5 illustrate the branching and looping possibilities of NHC’s
for 4d F-theory models discussed in [14]. The gauge factor SU(3) appears 3 times. The
non-Higgsable gauge pair SU(3) × SU(2) appears 6 times, once as an isolated pair and
five times in the cluster of size 16. If the non-Abelian part of the standard model were
realized on the isolated pair, all other gauge factors not broken by fluxes would play a role
in hidden dark matter sectors; if the standard model SU(3) × SU(2) came from one of the
pairs in the size 16 cluster, there could be WIMP dark matter charged under the SU(2)
and dark sector SU(2), SU(3) or G2 groups.
Among all the 107 bases encountered in the 100 Monte Carlo runs, the largest non-
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SUH3L SUH2L F4 G2 SOH8L
Figure 21. The non-Higgsable clusters of a fairly typical base actually encountered in the Monte Carlo
study of toric threefold bases. This base has h1,1(B) = 82 and supports a 30-factor gauge group SU(2)14×
G82 × SU(3)3 × F 44 × SO(8), which contains six SU(3)× SU(2) factors with jointly charged matter.
Figure 22. The largest non-Higgsable cluster we have encountered in our search. It contains a 37-factor
gauge group SU(2)19 ×G142 × SU(3)4.
Higgsable cluster was one of size 37, with gauge group SU(2)19 ×G142 × SU(3)4 (see Fig-
ure 22).
3.5 Codimension two singularities and matter curves
3.5.1 Matter charged under gauge group(s)
In F-theory the codimension-two locus of singular fibers on the base B generally corre-
sponds to matter in the 4d supergravity theory. In type IIB language such singularities
arise at the intersection of two sets of 7-branes. If one set of 7-branes carrys a non-Abelian
gauge group G, then the open strings attached between the two sets of 7-branes give rise
to matter fields living in some representation R of G. In 4d F-theory the chiral index
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SU(2)III SU(2)IV SU(2) SU(3) G2
93 99.98 97 93 99.6
SO(7) SO(8) F4 E6 E7
100 70 99.985 94 84
Table 8. Percentage of gauge groups with matter charged under this single gauge factor.
SU(2)III SU(2)IV SU(2) SU(3) G2 SO(7)
98.7 95 97 86 84 0
Table 9. Percentage of gauge groups with quiver matter charged under this gauge factor, or equivalently,
gauge groups inside some non-Higgsable cluster.
SU(2)III SU(2)IV SU(2) SU(3) G2
99.987 99.999 99.994 99.90 99.95
SO(7) SO(8) F4 E6 E7
100 70 99.99 94 84
Table 10. Percentage of gauge groups with any type of matter.
of the charged matter in some specific representation can be related to the G-flux in the
M-theory description of the theory [47–51]. We do not give any quantative description of
matter curves in specific representations here. On our 3d toric bases B there are two differ-
ent types of matter curves. The first case is the toric curve DiDj where Di and Dj possess
non-Abelian gauge groups G1 and G2 respectively. Then generally there will be quiver
matter in the representation (R1, R2) of G1 and G2. For toric constructions the matter is
generally in the bifundamental representation. The second case is when the vanishing locus
of ∆ on a divisor Di contains a curve C, where Di possesses a non-Abelian gauge group
G, but no other divisor carrying a non-Abelian factor passes through C. Then there will
be matter charged under the single gauge group G. This kind of matter appears typically
when the leading coefficient ∆p in the expansion
∆ = ∆pw
p + ∆p+1w
p+1 + . . . (3.9)
around the divisor D = {w = 0} contains more than one monomial. For a given divisor
Di, those two different types of matter curves may simultaneously exist.
We list the proportion of gauge groups with those two types of matter in Tables 8-10.
One can see that almost all the divisors with non-Higgsable gauge groups can have charged
matter on them.
We have also counted the average number of each type of possible dark sector gauge
groups adjacent to each of the SU(2) factors in a gauge pair SU(3) × SU(2). Such gauge
factors are generally associated with charged matter that is also charged under the SU(2)
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SU(2) SU(3) G2
0.86± 0.23 0.07± 0.04 0.74± 0.19
Table 11. Average number of each type of “dark sector” gauge factor connected to each SU(2) in gauge
pairs SU(3) × SU(2), with standard deviation computed among the 100 runs.
factor. These are listed in Table 11. Similar to the distribution of gauge pairs, the gauge
groups SU(2) and G2 are dominant here.
3.5.2 Codimension two singularities without gauge groups
Besides those possibilities, there are also enhanced codimension-two singularities without
any gauge group. For example we consider the following base B1, a P1 bundle over F1,
with 6 toric divisors:
v1 = (0, 0, 1) , v2 = (0, 0,−1) , v3 = (0, 1, 0) , v4 = (1, 0, 0) , v5 = (0,−1, 0) , v6 = (−1,−1, 2).
(3.10)
The set of 3d cones is:
{v1v3v4, v2v3v4, v2v4v5, v2v5v6, v1v3v6, v1v4v5, v1v5v6, v2v3v6}. (3.11)
The orders of vanishing for f , g and ∆ on each of these divisors are identically zero, so there
are no non-Higgsable gauge group factors supported on any toric divisors in the generic
elliptic fibration over the base B1. However, on the toric curve v1v5, f , g and ∆ vanish to
order (2, 3, 6). We can explicitly write down the Weierstrass form near this curve s = t = 0:
y2 = x3 + (a0s
2 + a1st
2 + a2t
4)x+ (b1s
3 + b2s
2t2 + b3st
4 + b4t
6) (3.12)
The discriminant
∆ = c1s
6 + c2t
12 + . . . (3.13)
has a cusp at the point s = t = 0. In type IIB language this configuration corresponds to
many I1 7-branes intersecting on a toric curve on B1, and there is singularity enhancement
on that curve. This is a novel type of singularity, which may not be described by the
standard Kodaira ADE classification. Systematic approaches to resolving codimension two
singularities have been described in [52–59]. For the Weierstrass form (3.12), however, it
seems that the singularity at x = y = s = t = 0 cannot be resolved using these methods.
Another available technique that may be useful in understanding these singularities is the
string junction method, which involves the (non-Ka¨hler) deformation of the Weierstrass
model [61]. It seems, however, that these represent singularities that cannot be resolved to
a total space that is a Calabi-Yau fourfold. The physical relevance of those codimension-two
singularities is also not clear. Naively they correspond to some localized neutral matter.
Codimension two and higher singularities without an apparent Calabi-Yau resolution have
arisen in several other contexts in F-theory. Codimension 3 singularities where f, g vanish
to orders of at least (4, 6) but less than (8, 12) do not have a simple Calabi-Yau resolution
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but may be benign [35]. Codimension two singularities without a CY resolution have
appeared associated with matter charged under discrete gauge groups [62–67]. Codimension
two singularities without a CY resolution are also encountered in generalizations of the
Schoen construction [68]. It seems likely that many of these singularities are benign from
the F-theory point of view, although they may require a more sophisticated method of
analysis from the usual perspective of M-theory on a smooth Calabi-Yau; for example they
may represent cycles that are driven to vanish by their curvature, in any supersymmetric
vacuum. Singularities of this type that cannot be resolved to a Calabi-Yau total space
were considered in [60]. These codimension two singularities that we encounter on toric
bases, which do not admit a flat Calabi-Yau resolution, may simply be a necessary feature
of general 4d F-theory models. This kind of possibility was also discussed previously in
[16] in a related context, where it was pointed out that even when there is no geometric
Calabi-Yau resolution of a singular model, sensible physical features of the model can be
computed for e.g. Landau-Ginzburg models. Thus, we proceed under the assumption that
these codimension two singularities are acceptable features of 4d F-theory models, though
their physical interpretation remains to be fully elucidated.
In the current Monte Carlo approach we have analyzed the frequency of occurrence
of those toric cusp curves. We count the number of toric curves vivj where ordDi(f) =
ordDi(g) = ordDj (f) = ordDj (g) = 0, ordDiDj (f) ≥ 1 and ordDiDj (g) ≥ 2. Averaging over
the 100 unbounded runs, there are 2.7 ± 1.6 toric curves of this type on each base, which
implies that this phenomenon is quite general. Thus, a typical base in the set we have
considered has some unusual codimension two singularities that do not appear to admit
a smooth resolution to give a total space that is Calabi-Yau, but which seem likely to be
acceptable features of 4D F-theory geometries.
4 Conclusions
We have used a Monte Carlo approach to explore a large class of threefold bases for F-
theory compactifications to four dimensions. The bases we have considered are smooth
toric threefolds that are connected through a series of blow-up and blow-down transitions
to P3 without passing through intermediate bases with (4, 6) curves. We estimate that
this set C contains on the order of 1048 distinct threefold bases. This is much larger
than the known and fully enumerated set of roughly 104 analogous connected toric base
surfaces that support elliptic Calabi-Yau threefolds. The generic elliptically fibered Calabi-
Yau fourfolds over the threefold bases in C give roughly 1048 elliptically fibered Calabi-Yau
fourfolds. While some fourfolds may admit multiple distinct elliptic fibrations, this number
still should act as a reasonable lower bound for the number of possible distinct elliptic
Calabi-Yau fourfolds. Modifying the approach used here slightly, it is straightforward to
systematically construct all the toric threefold bases in the connected set up to any given
value of h1,1(B). Such an analysis could be implemented and would be bounded only
by computational resources; for example, computing the first 109 bases would reach to
roughly h1,1(B) ∼= 10. We have considered the gauge groups and matter that are supported
by geometric non-Higgsable clusters over the bases explored. A typical base has a non-
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Higgsable gauge group with roughly 30 factors, dominated by SU(2) and G2, with some
SU(3) and other factors arising. Roughly 10% of connected group factor pairs are SU(3)
× SU(2) pairs.
The set that we have explored here represents an enormous family of elliptic Calabi-
Yau fourfolds. For elliptic Calabi-Yau threefolds, it is known that the number of distinct
topological types is finite [69], and that all are connected through extremal transitions,
through the minimal model theory for the base surfaces [29]. This makes possible in
principle a complete and systematic classification of all elliptic Calabi-Yau threefolds, for
which the numbers involved do not seem prohibitive and towards which substantial progress
has been made [6–10]. For fourfolds, however, beyond the apparently prohibitive size of
the number of distinct topologies involved, there are a number of further theoretical steps
needed to get a systematic handle on the set of possibilities. We mention here briefly
some things that were not done in this work that would represent further progress in this
direction. First, there is no proof of finiteness for elliptic Calabi-Yau fourfolds, and the
analogue of the minimal surfaces for threefold bases has not been worked out systematically.
While the observation that the set we have explored here connects together all the known
toric threefold bases with small h1,1(B) except those with E8 factors that cannot be reached
except through intermediate threefolds with (4, 6) curves, suggesting that all toric threefold
bases may be connected through extremal transitions, this has not been proven even with
the restriction to toric structure. It would be nice at least to generalize the analysis done
here to include almost-toric bases that have E8 factors and (4, 6) curves, as has been done
in the case of base surfaces, since such bases seem to play an important role for threefolds
and fourfolds at large Hodge numbers. Over each given threefold base, in general a variety
of elliptic Calabi-Yau fourfolds can be constructed by tuning different codimension one
and two singularities, corresponding to Higgsable gauge groups and matter in the F-theory
picture. For many threefold bases this can give rise to a vast array of distinct elliptic
Calabi-Yau fourfolds. A systematic analysis of such tuning would help to indicate how
much larger the complete set of elliptic fourfolds might be than the set of base threefolds
considered here. A systematic approach to tuning in the case of elliptic CY threefolds was
described, for example, in [9]. Another question is the extent to which toric threefolds are
a representative sample of the complete set of threefold bases that support elliptic Calabi-
Yau fourfolds. For elliptic CY threefolds, a systematic analysis of non-toric bases [10] shows
that, at least at large h2,1, toric base surfaces form a good representative sample of the
full set of non-toric bases, but a similar analysis for threefold bases would be substantially
more complex as it would involve blowing up curves in addition to points.
Finally, a few words regarding the physical relevance of the distribution we have sam-
pled here. The Monte Carlo we have carried out samples each distinct threefold base B
with a weight proportional to its number of allowed neighbors, which we have used to com-
pute statistical averages based on an equal weighting of each toric threefold base. There is
no physical reason why this is a correct weighting, this is simply a mathematical formula-
tion of a simple weighting factor that allows us to study typical features of the ensemble
based on an equal weighting of base threefolds. A proper weighting of bases for physics is
not fully understood and would depend on the detailed global dynamics of string theory.
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The effects of G-flux and world-volume brane dynamics would also need to be included to
systematically analyze the set of possibilities from a physics perspective. The most plausi-
ble approach advanced so far for understanding physical vacuum distributions in F-theory
is the statistical approach to flux vacua developed by Ashok, Douglas and Denef [70, 71]
(see [72, 73] for a recent application in the F-theory context, and [11, 74] for pedagogical
reviews). We leave a consideration of the effects of fluxes on the distribution of vacua in
the context developed here for future work.
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